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1. Introduction
Contact Riemannian structures are a well known and intensively studied research ﬁeld in differential geometry. The
recent monograph of Blair [3] provides a detailed overview of the results obtained in this framework. Contact structures
with associated pseudo-Riemannian metrics were studied ﬁrst by Takahashi in the pioneering work [18]. The case of contact
Lorentzian structures (η, g), where η is a contact one-form and g a Lorentzian metric associated to it, has a particular
relevance for physics and was considered in [10] and [1]. However, up to our knowledge, the research devoted to the topic
essentially concerned the Sasakian case. A systematic study of general contact pseudo-metric structures was undertaken by
the present author and D. Perrone in [8].
In this paper, we focus on the relevant case of contact Lorentzian structures. After presenting the technical apparatus
needed for further investigations, we prove some general classiﬁcation results and exhibit several explicit examples. The pa-
per is organized in the following way. Basic formulae for contact Lorentzian manifolds are given in Section 2. D-homothetic
deformations of a contact Lorentzian structure will be described in Section 3. In Section 4, we shall establish a fundamental
correspondence between Riemannian and Lorentzian metrics associated to the same contact structure. The classiﬁcation of
contact Lorentzian manifolds of constant sectional curvature, in dimension  5, is reported in Section 5. In Section 6, we
deal with the classiﬁcation of three-dimensional locally symmetric and homogeneous contact Lorentzian manifolds.
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An almost contact structure (ϕ, ξ,η) on a (2n+1)-dimensional smooth manifold M is formed by a (1,1)-tensor ϕ , a global
vector ﬁeld ξ and a 1-form η, such that
(i) ϕ(ξ) = 0, η ◦ ϕ = 0,
(ii) η(ξ) = 1, ϕ2 = −Id+ η ⊗ ξ (2.1)
and ϕ has rank 2n. Let now g denote a Lorentzian metric on M . g is said to be compatible with the almost contact structure
(ϕ, ξ,η) if
g(ϕX,ϕY ) = g(X, Y ) + η(X)η(Y ). (2.2)
A smooth manifold M , equipped with an almost contact structure (ϕ, ξ,η) and a compatible Lorentzian metric g , will be
called an almost contact Lorentzian manifold.
Remark that, by (2.1) and (2.2), η(X) = −g(ξ, X). In particular, g(ξ, ξ) = −1 and so, the characteristic vector ﬁeld ξ is
time-like. Moreover, (2.2) implies that g(ϕX, Y ) = −g(X,ϕY ).
Let now M2n+1 be an almost contact Lorentzian manifold, endowed with an almost contact structure (ϕ, ξ,η) and a
compatible Lorentzian metric g . In the remaining part of this section, we shall provide the tensorial apparatus which is
needed for further studies of almost contact and contact Lorentzian structures. It is worthwhile to compare formulae below
with their Riemannian analogues, for which we may refer for example to [3], in order to understand how the different
causal character of the Reeb vector ﬁelds inﬂuences these equations.
Consider M2n+1 × R and, denoting by (X, f ddt ) an arbitrary vector ﬁeld on such manifold, the almost complex structure
deﬁned by
J
(
X, f
d
dt
)
=
(
ϕX − f ξ,η(X) d
dt
)
.
The almost contact structure (ϕ, ξ,η) is said to be normal if and only if the almost complex structure J is integrable.
Necessary and suﬃcient condition for integrability of J is the vanishing of its Nijenhuis tensor
[ J , J ]((X,0), (Y ,0))= −([X, Y ],0)+ [(ϕX, η(X) d
dt
)
,
(
ϕY , η(Y )
d
dt
)]
− J
[(
ϕX, η(X)
d
dt
)
, (Y ,0)
]
− J
[
(X,0),
(
ϕY , η(Y )
d
dt
)]
,
[ J , J ]
(
(X,0),
(
0,
d
dt
))
=
[(
ϕX, η(X)
d
dt
)
, (−ξ,0)
]
− J
[(
ϕX, η(X)
d
dt
)
,
(
0,
d
dt
)]
− J[(X,0), (−ξ,0)],
which, expressed in terms of the Nijenhuis tensor of ϕ , gives
[ J , J ]((X,0), (Y ,0))= (N(1)(X, Y ),N(2)(X, Y )), [ J , J ]((X,0),(0, d
dt
))
= (N(3)(X),N(4)(X)),
where
N(1) = [ϕ,ϕ] + 2dη ⊗ ξ, N(2)(X, Y ) = (LϕXη)Y − (LϕYη)X, N(3) = Lξϕ, N(4) = Lξ η.
Moreover, the vanishing of N(1) implies N(2) = N(3) = N(4) = 0 [16,17]. Thus, N(1) = 0 is a necessary and suﬃcient condition
for the integrability of J . Next, we prove the following.
Lemma 2.1. Let (ϕ, ξ,η) be an almost contact structure and g a compatible pseudo-Riemannian metric (that is, one satisfying (2.2))
on M2n+1 . Then,
2g
(
(∇Xϕ)Y , Z
)= 3dΦ(X,ϕY ,ϕ Z) − 3dΦ(X, Y , Z) + g(N(1)(Y , Z),ϕX)
− N(2)(Y , Z)η(X) − 2dη(ϕY , X)η(Z) + 2dη(ϕ Z , X)η(Y ),
for all tangent vector ﬁelds X, Y , Z , where we put Φ(X, Y ) = g(X,ϕY ).
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2g
(
(∇Xϕ)Y , Z
)= Xg(Y , Z) + Y g(X, Z) − Zg(X, Y )
+ g([X, Y ], Z)− g([Y , Z ], X)+ g([Z , X], Y )
and using the fact that, by (2.2), g(X, Y ) = Φ(ϕX, Y ) − η(X)η(Y ), the conclusion follows by a direct calculation. 
Next, if the compatible Lorentzian metric g satisﬁes
g(X,ϕY ) = (dη)(X, Y ), (2.3)
then η is a contact form on M , ξ the associated Reeb vector ﬁeld, g an associated metric, and (M, η, g) (or (M,ϕ, ξ,η, g)) is
called a contact Lorentzian manifold.
Suppose from now on that (M2n+1, η, g) is a contact Lorentzian manifold. We denote by ∇ the Levi-Civita connection
of M . Taking into account (2.1) and (2.3), we have (dη)(ξ, X) = −g(X,ϕξ) = 0 and so, denoting by L the Lie derivative,
N(4) = Lξ η = d ◦ iξ η + iξ dη = dη(ξ) + (dη)(ξ, ·) = 0.
On the other hand, since η(X) = −g(ξ, X), from Lξ η = 0 we get
0 = −(Lξ η)X = ξ g(ξ, X) − g
(
ξ, [ξ, X])= g(∇ξ ξ, X),
for any vector ﬁeld X . Therefore, ∇ξ ξ = 0, that is, the integral curves of ξ are geodesic. Moreover, using (2.3), we get
(LϕXη)Y = (ϕX)
(
η(Y )
)− η[ϕX, Y ] = (ϕX)η(Y ) − Yη(ϕX) − η[ϕX, Y ]
= 2(dη)(ϕX, Y ) = 2g(ϕX,ϕY )
and so, N(2)(X, Y ) = 2(dη)(ϕX, Y )−2(dη)(ϕY , X) = 0. Moreover, (2.3) yields at once dΦ = 0. Hence, Lemma 2.1 implies the
following.
Corollary 2.2. In a contact Lorentzian manifold (M2n+1,ϕ, ξ,η, g),
2g
(
(∇Xϕ)Y , Z
)= g(N(1)(Y , Z),ϕX)− 2dη(ϕY , X)η(Z) + 2dη(ϕ Z , X)η(Y ). (2.4)
Next, we remark that on a contact Lorentzian manifold, N(3) = 0 if and only if ξ is a Killing vector ﬁeld. In fact, taking
into account (2.3), from Lξ η = 0 we get
0 = (Lξ dη)(X, Y ) = (Lξ g)(X,ϕY ) + g
(
X, (Lξϕ)Y
)
and so, Lξ g = 0 if and only if Lξϕ = 0. This leads to introduce the tensor
h = 1
2
Lξϕ = 1
2
N(3), (2.5)
which plays an important role in describing the geometry of a contact Lorentzian manifold. Moreover, using (2.4), the
following properties of the covariant derivative can be proved by direct calculation:
∇ξϕ = 0, (2.6)
∇Xξ = −εϕX − ϕhX . (2.7)
Exactly as in the Riemannian case, using (2.6) and (2.7), one can easily prove that h is self-adjoint, hϕ = −ϕh and hξ =
trh = 0. Moreover, putting τ = Lξ g , one has
τ (X, Y ) = 2g(X,hϕY ).
Next, a standard orthonormalization process shows that any (almost) contact Lorentzian manifold (M2n+1, η, g) admits a
special kind of local pseudo-orthonormal basis, called a ϕ-basis. Such a basis is of the form {ξ, e1, . . . , en,ϕe1, . . . , ϕen}. We
now prove the following.
Lemma 2.3. In a contact Lorentzian manifold (M2n+1,ϕ, ξ,η, g),
div ξ = 0, divη = 0.
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using (2.1) and (2.7) we have
div ξ = tr∇ξ =
n∑
i=1
g(∇ei ξ, ei) +
n∑
i=1
g(∇ϕei ξ,ϕei) = −
n∑
i=1
g(ϕhei, ei) −
n∑
i=1
g(ϕhϕei,ϕei) = 0.
Moreover, we also obtain divη = − tr∇η = −ε div ξ = 0. 
We now recall the following.
Deﬁnition 2.4. A contact Lorentzian manifold (M, η, g) is said to be
(i) Sasakian if it is normal, that is, [ϕ,ϕ] + 2dη ⊗ ξ = 0.
(ii) K -contact if h = 0, that is, equivalently, ξ is a Killing vector ﬁeld.
We have the following characterization (see [1,8]).
Theorem 2.5. An almost contact Lorentzian manifold (M2n+1,ϕ, ξ,η, g) is Sasakian if and only if
(∇Xϕ)Y = g(X, Y )ξ + η(Y )X . (2.8)
In particular, taking Y = ξ in (2.8), we easily get the following.
Corollary 2.6. A Sasakian Lorentzian manifold is K-contact.
The converse in Corollary 2.6 does not hold in general, but it holds true in dimension three (see Theorem 4.4).
We now investigate some curvature properties of a contact Lorentzian manifold (M2n+1, η, g). We denote by R its cur-
vature tensor of M , taken with the sign convention R(X, Y ) = ∇[X,Y ] − [∇X ,∇Y ] (note that this convention is opposite to
the one used in [3]). Using (2.7) and ∇ξϕ = 0, we ﬁnd
R(X, ξ)ξ = ∇ξ (ϕX − ϕhX) + ϕ[X, ξ ] − ϕh[X, ξ ] = −ϕ
(
(∇ξh)(X)
)+ ϕ2X + h2X,
that is,
 := R(·, ξ)ξ = −ϕ(∇ξh) + ϕ2 + h2. (2.9)
Next, applying ϕ to (2.9), we easily get
ϕX = (∇ξh)X − ϕX + h2ϕX,
which also implies
ϕϕX = ((∇ξh)ϕ)X − ϕ2X − h2X .
So, we proved
 − ϕϕ = 2(ϕ2 + h2). (2.10)
Consider now a (local) ϕ-basis {ξ, E1, . . . , E2n} = {ξ, e1, . . . , en,ϕe1, . . . , ϕen} of vector ﬁelds on M . For any index i =
1, . . . ,2n, {ξ, Ei} spans a time-like plane on the tangent space at each point where the basis is deﬁned. The sectional
curvature of these planes is given by
K (ξ, ei) = −R(ξ, ei, ξ, ei) = g(ei, ei),
K (ξ,ϕei) = −R(ξ,ϕei, ξ,ϕei) = g(ϕei,ϕei) = −g(ϕϕei, ei).
Thus, by (2.10) we get
K (ξ, ei) + K (ξ,ϕei) = −2
[
1− g(h2ei, ei)]
and so, for the Ricci curvature 	(ξ, ξ) := tr R(ξ, ·)ξ in the direction of ξ , we ﬁnd
	(ξ, ξ) = −
n∑(
K (ξ, ei) + K (ξ,ϕei)
)= 2n − trh2. (2.11)i=1
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trh2 = 0 and so, h = 0 because h is diagonalizable (Theorem A of [2]). The same conclusion holds true for contact Lorentzian
manifolds. In fact, although a self-adjoint operator in a Lorentzian space needs not to be diagonalizable [11], hξ = 0 and the
contact distribution Kerη = ξ⊥ is space-like (that is, Riemannian). Henceforth, exactly as in the Riemannian case, the tensor
h of a contact Lorentzian manifold is diagonalizable. In particular, trh2 = 0 implies h = 0 and so, we have the following.
Theorem 2.7. A contact Lorentzian manifold (M, η, g) is K -contact if and only if it satisﬁes the curvature condition 	(ξ, ξ) = 2n.
As proved in [8], the situation is much more complicated in general pseudo-Riemannian settings. In fact, any K -contact
pseudo-metric manifold satisﬁes 	(ξ, ξ) = 2n − trh2. However, there exist examples of contact pseudo-metric manifolds for
which trh2 = 0 but ξ is not a Killing vector ﬁeld.
3. D-homothetic deformations
Let (M2n+1, η, g) be a contact Lorentzian manifold. Then, it is easy to check that, for any real constant t > 0, tensors
η˜ = tη, ξ˜ = 1
t
ξ, ϕ˜ = ϕ, g˜ = tg − t(t − 1)η ⊗ η (3.1)
describe another contact pseudo-metric structure on M2n+1, having the same contact distribution Ker η˜ = Kerη, which we
call a D-homothetic deformation of (ϕ, ξ,η, g). Clearly, (3.1) is the Lorentzian counterpart of D-homothetic deformations of
a contact Riemannian structure [19]. Notice that, by (3.1), g˜(ξ˜ , X) = −η˜(X). In particular, g˜(ξ˜ , ξ˜ ) = g(ξ, ξ) = −1 and so, the
D-homothetic deformation of a contact Lorentzian structure is again a contact Lorentzian structure. Thus, D-homothetic
deformations can be used to build new examples of contact Lorentzian structures. As we shall see, a contact Lorentzian
structure (ϕ,η, g) and its D-homothetic deformations share the main contact properties, although they can be very different
with regard to curvature properties.
We ﬁrst calculate the Levi-Civita connection ∇˜ of g˜ in terms of g . By (3.1), the Lorentzian metric
g′ = 1
t
g˜ = g − (t − 1)η ⊗ η (3.2)
is homothetic to g˜ . Therefore, ∇˜ = ∇′ and R ′ = R . Using (3.2) and the Koszul formula, a long but straightforward calculation
gives
g′
(∇′X Y , Z)= g(∇X Y , Z) − (t − 1){η(Z)X(η(Y ))− η(Z)g(X,ϕY )
− η(X)g(ϕY , Z) − η(Y )g(ϕX, Z)},
from which, again taking into account (3.2) and (2.7), we have
∇˜X Y = ∇′X Y = ∇X Y −
t − 1
t
g(hX,ϕY )ξ + (t − 1){η(X)ϕY + η(Y )ϕX}. (3.3)
The following result now easily follows from h˜ = 12 Lξ˜ ϕ˜ = 12t Lξϕ = 1t h and (3.3).
Theorem 3.1. A D-homothetic deformation of a K -contact (respectively, Sasakian) Lorentzian structure is again K -contact (respec-
tively, Sasakian).
We now turn our attention to the curvature of g˜ . We start with the following.
Proposition 3.2. Let (M,ϕ, ξ,η, g) be a contact Lorentzian manifold and (ϕ˜, ξ˜ , η˜, g˜) the D-homothetic deformation described by
(3.1). Then, for all X, Y , Z ∈ Kerη = Ker η˜:
˜X = 1
t2
{
X + (t2 − 1)ϕ2X + 2(t − 1)hX}, (3.4)
R˜(X, Y )Z = R(X, Y )Z − t − 1
t
{
η
(
R(X, Y )Z
)+ g(X, (∇Yϕ)Z)− g(Y , (∇Xϕ)Z)}ξ
+ t − 1
t
{
g(X,ϕ Z)(−tϕY + ϕhY ) − g(Y ,ϕ Z)(−ϕX + ϕhX)}
+ (t − 1)η[X, Y ]ϕ Z + t − 1
t
{
η(∇X Z)ϕhY − η(∇Y Z)ϕhX
}
. (3.5)
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(2.9) to express ∇ξh in terms of . Eq. (3.5) follows from (3.3) by a long but straightforward calculation, using the fact that,
because of (3.1), g˜(X, Y ) = tg(X, Y ) for all X, Y ∈ Kerη. 
Deﬁnition 3.3. Let (M,ϕ, ξ,η, g) be a contact Lorentzian manifold and X ∈ Kerη. We put
K (ξ, X) = R(X, ξ, X, ξ)
g(X, X)
= g(X, X)
g(X, X)
and K (X,ϕX) = R(X,ϕX, X,ϕX)
g(X, X)2
.
We call K (ξ, X) the ξ -sectional curvature determined by X , and K (X,ϕX) the ϕ-sectional curvature determined by X .
We have the following.
Theorem 3.4. Let (M2n+1,ϕ, ξ,η, g) be a contact Lorentzian manifold and (ϕ˜, ξ˜ , η˜, g˜) the D-homothetic deformation described by
(3.1). Then, for all X ∈ Kerη = Ker η˜,
K˜ (ξ˜ , X) = 1
t2
K (ξ, X) − t
2 − 1
t2
+ 2 t − 1
t2
g(hX, X)
g(X, X)
, (3.6)
K˜ (X,ϕX) = 1
t
K (X,ϕX) + 3 t − 1
t
+ t − 1
t2
g(hX, X)2 + g(ϕhX, X)2
g(X, X)2
. (3.7)
Moreover, the Ricci tensors and scalar curvatures satisfy
	˜ = 	 + 2(t − 1)g + 2(t − 1)(nt + n + 1)η ⊗ η + t − 1
t
g
(−(∇ξh)ϕ + 2h, ·), (3.8)
r˜ = 1
t
r + t − 1
t
	(ξ, ξ) + 2n (t − 1)
2
t2
. (3.9)
4. Riemannian and Lorentzian metrics associated to the same contact structure
We shall establish a relationship between Riemannian and Lorentzian metrics associated to the same contact structure.
Let (ϕ, ξ,η) be an almost contact structure (respectively, a contact structure) on a smooth manifold M2n+1, and g a com-
patible (respectively, an associated) Riemannian metric. Then, it is easily seen that
g¯ = g − 2η ⊗ η (4.1)
is a Lorentzian metric, which, by (2.1) and (2.2), is still compatible with (respectively, associated to) the same almost contact
metric structure (ϕ, ξ,η). Hence, the change of metric described by Eq. (4.1) transforms a compatible Riemannian metric
into a Lorentzian one and conversely. Thus, we have the following.
Theorem 4.1. Let (M2n+1,ϕ, ξ,η) be an almost contact manifold. Then, (4.1) determines a one-to-one correspondence between Rie-
mannian and Lorentzian metrics on M compatible with (ϕ, ξ,η). In particular, if (ϕ, ξ,η, g) is a contact Riemannian structure, then
(ϕ, ξ,η, g¯) is a contact Lorentzian structure, and conversely.
Theorem 4.1 clariﬁes the structure of the set of pseudo-Riemannian metrics associated to the same almost contact
structure. Moreover, it permits to obtain the following existence result.
Corollary 4.2. Any paracompact almost contact manifold (M2n+1,ϕ, ξ,η) admits a compatible Lorentzian metric.
Proof. It is well known that, since M2n+1 is paracompact, it admits a Riemannian metric g′ . Then,
g(X, Y ) = 1
2
{
g′(X, Y ) + g′(ϕX,ϕY ) + η(X)η(Y )}
is a Riemannian metric compatible with (ϕ,η, g) [3]. We then deﬁne g¯ by (4.1). Then, g¯ is a Lorentzian metric, compatible
with the same contact structure. 
Comparing the Levi-Civita connections of (M, η, g) and (M, η, g¯), we can easily prove the following.
Proposition 4.3. (M, η, g¯) is Sasakian (respectively, K -contact) if and only if so is (M, η, g).
In particular, in dimension three we have the following result.
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Proof. It is well known that a three-dimensional K -contact Riemannian manifold is Sasakian (see for example [3]). Suppose
now that (M3, η, g¯) is a K -contact Lorentzian three-manifold. The Riemannian metric g = g¯+2η⊗η is related to g by (4.1)
and so, is associated to the same contact structure (ϕ, ξ,η). Since (M, η, g¯) is K -contact, by Proposition 4.3 so is (M, η, g).
But then, (M3, η, g) is Sasakian, which implies, again by Proposition 4.3, that (M, η, g¯) itself is Sasakian. 
With regard to curvature properties, a long but standard calculation proves the following.
Proposition 4.5. Let (M,ϕ, ξ,η, g) be a contact Riemannian manifold and g¯ the contact Lorentzian metric described by (4.1).
(a) For all X ∈ Ker η˜
K¯ (ξ, X) = −K (ξ, X) + 4 g(hX, X)
g(X, X)
, (4.2)
K¯ (X,ϕX) = K (X,ϕX) + 6− 2 g(hX, X)
2 + g(ϕhX, X)2
g(X, X)2
. (4.3)
(b) The Ricci tensor and scalar curvature of g¯ satisfy
	¯(ξ, ξ) = 	(ξ, ξ) = 2n − trh2, (4.4)
	¯(ξ, Y ) = 	(ξ, Y ), (4.5)
	¯(X, Y ) = 	(X, Y ) + 2g(X, Y ) + 6g(X, Y ) + 4g(hX, Y ) − 2g(h2X, Y ), (4.6)
r¯ = r − 2	(ξ, ξ) + 8n, (4.7)
for all X, Y ∈ Kerη.
We can now use the deformation described in (4.1) to provide a local description of an arbitrary contact Lorentzian
structure in dimension three.
Theorem 4.6. On a three-dimensional contact manifold, in terms of local Darboux coordinates (x, y, z), the Reeb vector ﬁeld and the
contact form are respectively given by ξ = 2∂z and η = 12 (dz − y dx), and any Lorentzian associated metric is of the form
gL = 1
4
(a − 2y2 b y
b c 0
y 0 −1
)
, (4.8)
where a,b, c are smooth functions, such that ac − b2 − cy2 = 1. In particular, gL is Sasakian if and only if a,b, c do not depend on z.
Proof. It is well known that ξ = 2∂z and η = 12 (dz − y dx) in local Darboux coordinates (see for example [3]). Moreover, as
proved in [4], any Riemannian associated metric in such coordinates can be expressed in the form
gR = 1
4
( a b −y
b c 0
−y 0 1
)
, (4.9)
for some smooth functions a,b, c satisfying ac − b2 − cy2 = 1, and gR is Sasakian if and only if a,b, c do not depend on z.
Now, (4.8) is nothing but the Lorentzian metric obtained applying (4.1)–(4.9). The conclusion then follows from Theorem 4.1
and Proposition 4.3. 
Example 4.7. The standard ﬂat contact Riemannian structure (ϕ, ξ,η, g0) of R3(x, y, z) is determined in Darboux coordinates
by the following tensors:
ξ = 2∂z, η = 1
2
(dz − y dx), g0 = 1
4
(1+ y2 + z2 z −y
z 1 0
−y 0 1
)
(4.10)
(see for example [3]). Consider now the Lorentzian metric g0L = g0 −2η⊗η, obtained applying the deformation (4.1) to the
contact Riemannian structure described by (4.10). Then,
g0L = 1
4
(1− y2 + z2 z y
z 1 0
)
.y 0 −1
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is a Ricci eigenvector for g0L , corresponding to the Ricci eigenvalue 0, and the scalar curvature is given by r0L = 8, according
to formulae (4.4)–(4.7). Clearly, (ϕ, ξ,η, g0L) is not ﬂat any more. In particular, (ϕ, ξ,η, g0L) gives an example of contact
Lorentzian three-manifold, not Sasakian, of constant ϕ-sectional curvature equal to 4. A ﬂat contact Lorentzian structure on
R
3 will be described in Section 5.
If we consider the diffeomorphism
f : R3 → R3, (x, y, z) 	→ (x1, x2, x3) = (z cos x− y sin x,−z sin x− y cos x,−x),
then ( f −1)∗η = η0 and ( f −1)∗g0 = g¯0R , where η0 = 12 (cos x3 dx1 + sin x3 dx2) and g¯0R = 14
∑
i dx
2
i [3]. It is evident that the
contact metric structure (η0, g¯0R) is invariant under the group of translations generated by (xi 	→ xi +2π) and so, it induces
a ﬂat contact metric structure on the torus T 3. Applied to this contact metric structure, the deformation (4.1) then gives
a contact Lorentzian structure on the compact manifold T 3, which is not ﬂat but has constant ϕ-sectional curvature equal
to 4.
5. Contact Lorentzian manifolds of constant sectional curvature
We ﬁrst describe a (2n + 1)-dimensional model of contact Lorentzian manifold of constant sectional curvature. We can
refer to [18] for a more general presentation of Sasakian pseudo-metric manifolds of constant sectional curvature.
Example 5.1 (Sasakian Lorentzianmanifolds of constant sectional curvature). In the pseudo-Euclidean space (R2n+22 ≡ Cn+11 , g˜, J )
with the indeﬁnite standard Kähler structure, we consider the pseudo-hyperbolic space
H
2n+1
1 (−1) =
{
x ∈ R2n+22 : g˜(x, x) = −1
}
,
which is a hyperquadric of R2n+22 , of dimension (2n + 1), index 1 and constant sectional curvature −1 [18]. It admits a
canonical structure (ϕ¯, ξ¯ , η¯, g¯) of Sasakian Lorentzian manifold, deﬁned by the following tensors:
g¯ = g˜|
H
2n+1
2s−1 (−1), ξ¯ : x ∈ H
2n+1
2s−1 (−1) 	→ − J x, η¯(X) = −g(ξ¯ , X), ϕ¯ = π¯ ◦ J ,
where π¯ (X) = X+ g˜(X, x)x. It is well known that H2n+11 is diffeomorphic to S1×R2n [11] and so, is not simply connected. Its
universal covering H˜2n+11 then provides an example of simply connected Sasakian Lorentzian manifold of constant sectional
curvature −1.
A ﬁrst rigidity result concerning Sasakian pseudo-Riemannian manifolds was proved in [1]. In the Lorentzian case, it
yields that any Sasakian Lorentzian connected real hypersurface of R2n+22 is an open set of H
2n+1
1 (−1).
In Riemannian settings, Olszak [13] obtained a fundamental rigidity result, proving that in any dimension  5, if a contact
Riemannian manifold (M2n+1, η, g) has constant sectional curvature k, then k = 1 and (M2n+1, η, g) is Sasakian. This result
was extended to pseudo-Riemannian settings in [8]. In particular, in the Lorentzian case, we have the following.
Theorem 5.2. Let (M2n+1, η, g) be a contact Lorentzian manifold, n  2. If (M2n+1, g) is of constant sectional curvature k, then
k = −1 = g(ξ, ξ) and (M2n+1, η, g) is Sasakian.
Note that Theorem 5.2 and a result of [18] imply at once the following.
Corollary 5.3. For any n 2, the universal covering of the pseudo-hyperbolic space H2n+12s−1 (−1) is the only simply connected Sasakian
Lorentzian manifold of constant sectional curvature.
Results above leave apart the three-dimensional case. The classiﬁcation of three-dimensional contact Lorentzian mani-
folds of constant sectional curvature will follow from the much more general results obtained in the next section.
6. Three-dimensional homogeneous contact Lorentzian manifolds
To complete the classiﬁcation of contact pseudo-metric manifolds of constant sectional curvature and to ﬁnd some
relevant non-Sasakian examples, we shall classify all three-dimensional homogeneous contact pseudo-metric manifolds.
In the previous section, we concluded that in dimension 2n + 1 5 there are not ﬂat contact Lorentzian structures. We
now exhibit a three-dimensional ﬂat contact metric structure.
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g = 1
4
dx2 − dy ⊗ dz, that is, (gij) = 14
(1 0 0
0 0 −2
0 −2 0
)
(6.1)
and the 1-form
η = 1
2
(
ex dy + e−x dz).
We easily get
dη = 1
4
( 0 ex −e−x
−ex 0 0
e−x 0 0
)
(6.2)
and η ∧ dη = 0. Thus, η is a contact form. The associated Reeb vector ﬁeld ξ , completely determined by the conditions
η(ξ) = 1 and (dη)(ξ, ·) = 0, is given by
ξ = e−x∂y + ex∂z.
Then, (6.1) implies that g(ξ, ξ) = −1, the contact distribution is spanned by vector ﬁelds
E1 = e−x∂y − ex∂z, E2 = 2∂x
and {ξ, E1, E2} is a pseudo-orthonormal basis for g . Next, we consider the tensor ϕ of type (1,1) deﬁned, with respect to
the basis {∂x, ∂y, ∂z}, by
ϕ =
( 0 ex −e−x
−e−x/2 0 0
ex/2 0 0
)
. (6.3)
From (6.1), (6.2) and (6.3), we get dη = g(·,ϕ) and {ξ, E1, E2} is a ϕ-basis with E2 = ϕE1. Therefore, (η,ϕ, ξ, g) is a contact
Lorentzian structure on R3. Since {ξ, E1, E2} is a pseudo-orthonormal basis and the Lie brackets are given by
[ξ, E1] = 0, [ξ, E2] = 2E1, [E1, E2] = −2ξ, (6.4)
we ﬁnd that the only non-vanishing covariant derivative of the Levi-Civita connection ∇ of (M, g) are
∇E2ξ = −2E1, ∇E2 E1 = 2ξ.
Thus, the curvature tensor satisﬁes R(E1, E2) = R(E2, ξ) = R(ξ, E1) = 0, that is, (η, g) is a ﬂat contact Lorentzian structure
on R3. Note that ξ is not a Killing vector ﬁeld, as ∇E2ξ = −2E1. Moreover, from (6.4) we obtain hE1 = E1 and hE2 = −E2.
We now turn our attention to three-dimensional locally symmetric contact Lorentzian spaces. We recall that locally
symmetric contact Riemannian three-spaces were classiﬁed in [5]. We have the following.
Theorem 6.2. A three-dimensional locally symmetric contact Lorentzian manifold (M, η, g) is either ﬂat or of constant sectional
curvature k = −1 = g(ξ, ξ).
The following result is an immediate consequence of Theorem 6.2 and a result of [18].
Corollary 6.3. The pseudo-Euclidean space R31 and the universal covering of the pseudo-hyperbolic space H
3
1(−1), are the only three-
dimensional simply connected symmetric contact Lorentzian manifolds.
To prove Theorem 6.2, one starts from the following classiﬁcation result.
Theorem 6.4. (See [7].) A three-dimensional Lorentzian locally symmetric space is locally isometric to either
(i) a Lorentzian space form S31 , R
3
1 or H
3
1;
(ii) a direct product R × S21 , R × H21 , S2 × R or H2 × R; or
(iii) a symmetric space admitting a parallel null (that is, light-like) vector ﬁeld.
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is a locally symmetric contact Lorentzian space, then (M3, g) has constant sectional curvature k. An argument very similar
to the one developed for the Riemannian case in [5] then shows that k = −1 and this ends the proof of Theorem 6.2.
We now consider homogeneous contact Lorentzian three-manifolds. Similarly to the Riemannian case, a contact manifold
(M, η) is said to be homogeneous if there exists a connected Lie group G of diffeomorphisms acting transitively on M and
leaving η invariant. If a Lorentzian metric g satisﬁes (2.3) and G is a group of isometries, then (M, η, g) is said to be a
homogeneous contact Lorentzian manifold.
Let (M, η, gL, ξ,ϕ) be a simply connected homogeneous contact Lorentzian three-manifold, with ξ time-like, and con-
sider the Riemannian metric g determined by gL and η via (4.1), that is, g = gL + 2η⊗η. Since both gL and η are invariant
under the action of the group G , so is the contact Riemannian structure (η, g, ξ,ϕ) on M . Therefore, three-dimensional
homogeneous contact Lorentzian structures are in a one-to-one correspondence with the Riemannian ones via (4.1). For this
reason, we start from the classiﬁcation of three-dimensional homogeneous contact Riemannian structures, obtained in [14].
As proved in [14], if (M, η, g) is a simply connected three-dimensional homogeneous contact Riemannian manifold,
then M = G is a Lie group and the contact metric structure (η, g, ξ,ϕ) is left-invariant. In turn, this implies at once that
(η, gL, ξ,ϕ) is also left-invariant. The classiﬁcation obtained in [14] can be restated in the following form, using the scalar
curvature r and the torsion invariant ‖τ‖ = 2√trh2 introduced by Chern and Hamilton in [9].
• Sasakian case (τ = 0).
(1) If G is unimodular, then it is (a) the Heisenberg group H3 when r = −2; (b) the 3-sphere group SU(2) when r > −2;
(c) the group S˜L(2, R) when r < −2.
(2) If G is non-unimodular, its Lie algebra is given by [e1, e2] = αe2 + 2ξ , [e1, ξ ] = [e2, ξ ] = 0, where α = 0. In this case,
r = −2α2 − 2< −2.
• Non-Sasakian case (‖τ‖ = 0 is a constant).
(1) If G is unimodular, then it is (a) SU(2) when r > −2(1 − ‖τ‖
2
√
2
)2; (b) the group E˜(2) (universal covering of the
group of rigid motions of Euclidean 2-space) when r = −2(1− ‖τ‖
2
√
2
)2; (c) S˜L(2, R) when −2(1+ ‖τ‖
2
√
2
)2 = r < −2(1− ‖τ‖
2
√
2
)2;
(d) the group E(1,1) (of rigid motions of Minkowski 2-space) when r = −2(1+ ‖τ‖
2
√
2
)2.
(2) If G is non-unimodular, its Lie algebra is given by [e1, e2] = αe2 + 2ξ , [e1, ξ ] = γ e2, [e2, ξ ] = 0, where α = 0. In this
case, r < −2(1− ‖τ‖
2
√
2
)2.
As we proved in Proposition 4.3, (η, g) is Sasakian if and only if so is (η, gL). Moreover, (4.7) implies that the scalar
curvatures r and rL of g and gL respectively are related by
rL = r + 4+ 2 trh2 = r + 4+ ‖τ‖
2
2
. (6.5)
By (6.5), in the Sasakian case we get that r = −2 if and only if rL = 2, while in the non-Sasakian case we have
r > −2
(
1− ‖τ‖
2
√
2
)2
⇐⇒ rL > +2
(
1+ ‖τ‖
2
√
2
)2
and
r = −2
(
1+ ‖τ‖
2
√
2
)2
⇐⇒ rL = +2
(
1− ‖τ‖
2
√
2
)2
.
Thus, the classiﬁcation above leads at once to the following.
Theorem 6.5. There is a one-to-one correspondence between homogeneous contact Riemannian three-manifolds and homogeneous
contact Lorentzian three-manifolds. A simply connected homogeneous contact Lorentzian three-manifold is a Lie group G equipped
with a left-invariant contact Lorentzian structure (ϕ, ξ,η, gL). More precisely, one of the following cases occurs:
• Sasakian case (τ = 0).
(1) If G is unimodular, then it is
(i) the Heisenberg group H3 when rL = +2;
(ii) the 3-sphere group SU(2) when rL > +2;
(iii) S˜L(2, R) when rL < 2.
(2) If G is non-unimodular, then its Lie algebra is given by
[e1, e2] = αe2 + 2ξ, [e1, ξ ] = [e2, ξ ] = 0,
where α = 0. In this case, rL = −2α2 + 2< 2.
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= 0 is a constant).
(1) If G is unimodular, then it is
(i) SU(2) when rL > 2(1+ ‖τ‖2√2 )2;
(ii) E˜(2) when rL = 2(1+ ‖τ‖2√2 )2;
(iii) S˜L(2, R) when 2(1− ‖τ‖
2
√
2
)2 = rL < 2(1+ ‖τ‖2√2 )2;
(iv) E(1,1) when rL = 2(1− ‖τ‖2√2 )2 .
(2) If G is non-unimodular, then its Lie algebra is given by
[e1, e2] = αe2 + 2ξ, [e1, ξ ] = γ e2, [e2, ξ ] = 0,
where α = 0. In this case, rL < 2(1+ ‖τ‖2√2 )2 .
The classiﬁcation given in Theorem 6.5 yields at once the following.
Corollary 6.6. The three-sphere group SU(2) is the only simply connected three-manifold which admits a homogeneous contact
Lorentzian metric with scalar curvature rL > 2(1+ ‖τ‖2√2 )2 .
Next, Example 6.1 describes explicitly a ﬂat left-invariant contact Lorentzian structure on the Lie group E(1,1). Three-
dimensional Lie groups admitting a ﬂat left-invariant Lorentzian metric were classiﬁed by the present author in [6] (see also
[12,15]). Comparing such classiﬁcation with Theorem 6.5, we get the following.
Corollary 6.7. The Lie group E(1,1) is the only simply connected three-manifold which admits a ﬂat homogeneous contact Lorentzian
metric.
Note that, correspondingly, Theorem 3.1 of [14] yields that the universal covering of the Lie group E(2) is the only simply
connected three-manifold which admits a ﬂat homogeneous contact Riemannian metric.
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